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where
N = wT./P. = f (axial chamber gas velocity) (16)

C; = Cro + 0C;/0Pu(Pui — Puw) + 0C;/ORm(Bm —
Rm,) + 0C;1/dA (A, — Aw) (17)

Fourteen variables [assuming Eq. (14) has seven terms]
are involved. These are: C—C7in Eq. (14); Cs = B,, Cy =
OB/OA, and Cyp = 0B/0A;in Eq. (15); and Cyy = Cy,, Crp =
dC;/OP,.:, Ciz = 0C;/O0Rm, and Cuu = 0C;/0A, in Eq. (17).

Values for 8, and Cy, (at the rated point, no erosion) are
chosen to correspond to values of Ao, A, Pnt, and Rm,. It
is recommended that these relationships be established in
the following order: A, = noneroded throat area; N\, =
chamber velocity function evaluated at the full thrust posi-
tion with Aw; Bo = Paw/Poat Ao and 4,,; and Cy, = thrust
coefficient at Puw, A, and Rm,. It is then assumed that
all of the undetermined partial derivatives are constants.
Equation (13) is rearranged, squared, and summed over the
entire test duration (i.e., data slice, by slice) to obtain the error
function ¥;

1 N
T= Y

1=1

<;,—) BAL; — 1)12 (18)

where N = number of data slices.

The problem of minimizing Eq. (18) readily lends itself to
a digital computer solution. Initial values for C-C; are
determined by assuming a C* for each data slice during the
test duration, then estimating 4. Data from similar past
tests are very useful at this point in order to initialize Ci—C
more accurately by a least-squares (usually 6th degree or
larger) fit of the “first cut” A.(t) data. Coefficients Cs—Cis
can be initialized from theoretical considerations, past test
data, or engineering judgment. The most important aspect
in initializing Cy~Cis is determining the correct order of
magnitude and sign.

The task of minimizing Eq. (18) becomes that of setting
all the first partial derivatives equal to zero. Initially the
steepest rate of descent method was used with the first and
second partial derivatives being computed numerieally.
The particular independent variable possessing the second
partial derivative of highest absolute magnitude was per-
turbed in an effort to set its first partial derivative to zero.
The remaining variables were held constant, i.e.,

AC; = (0 — dT/2C,)/ (@2 /dC.2) (19)

where ¥ = error function (18).

This process was repeated in a recursive manner until the
numerical values of all of the first partial derivatives were
approximately zero. This method proved cumbersome in
that it completely ignored the off-diagonal terms of the second
partial derivative matrix. Convergence was improved when
these off-diagonal terms were taken into account. A second
algorithm employed was only limited by the errors associated
with the numerical calculation of the first and second partial
derivatives;

[AC;] = [02%/0C:*]1-[0 — o¥/2C],
t=1,...,14; 5=1,...,14 (20)

It was impossible to set the first partial derivatives exactly
to zero; however, values in the order of 0.001 (nondimen-
sionalized) were obtained.

A breakthrough on this method was realized when more
elaborate optimization algorithms were employed such as
those contained in SLANG,** a TRW Systems engineering
modeling language for system simulation and optimization.
SLANG has the advantage that, as part of its compiler
functions, it automatically programs the first and second

** SLANGT™, copyright, 1968, TRW Inc., Redondo Beach,
Calif.
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partial derivatives from the original function (in this case,
W¥). This eliminated the errors inherent in numerical calcu-
lation of partial derivatives. Secondly, SLANG employs
more elaborate optimization algorithms with various safe-
guards for purposes of maintaining the solution continuity
and preventing ‘“blow-ups.” The time required to minimize
W was reduced by a factor of 10, and the magnitude of ¥ was
reduced by a factor of 20, as compared to the former methods.

Low-Thrust, Constant-Acceleration
Trajectories for Solar Probe Missions
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HE purpose of this investigation is to determine the
feasibility of using tangential thrust, constant-accelera-
tion trajectories for close solar probe missions. Trajectories
to 0.05 a.u. using low-thrust electric engines are considered.
Both HEV = 0 and HEV > 0 (hyperbolic excess velocities)
after escape from the earth by chemical rocket are considered.
Previous investigators of solar probe missions have considered
constant-thrust trajectories with or without coast phases,!~2
but, as far as we are able to determine, no reports on con-
stant-acceleration trajectories for solar probe missions are
in the open literature.

Several criteria are used to judge the usefulness of the
various trajectories investigated. One of these is the total
time T required for the probe to reach a point 0.05 a.u. from
the sun. Current and projected electric-engine lifetimes are
of the order of 10,000 hr (416 days).> An upper limit of 400
days is chosen for the time to reach the desired location. An-
other consideration is the total velocity change (decrease,
AV) to be accomplished during the flight. The third eri-
terion is the terminal angle ¢ between the sun-earth radius
and the sun-probe radius. This angle should be 90° in
order to have the best possible radio communication with
the probe when it reaches 0.05 a.u. The initial assumptions
are: 1) initially, boost to escape velocity is by a chemical

180°

Fig. 1 Heliocentric-ecliptic coordinate system.
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Table 1 Summary of data on constant-acceleration trajectories
ay, AV, Payload ratio
HEV 10-%g. T, days 10%fps ¢, deg as = 0.1 as = 0.2
0 2.2-2.5 172.2-222 119.7-142.7 3656 0.082-6.112 0.246-0.281
3.4-4 102.5-105.9 100-114 43-115 0.031-0.084 0.175-0.247
0.05V e 2.2-2.4 207.3-214.6 131-138.1 42.5-58.2 0.089-0.120 0.253-0.289
3.44 98.4~101 95.2-109.3 42-106.5 0.033-0.094 0.185-0.260
0.10Ve 2.1-2.3 204.8-212.2 124-130.8 47.2-62.8 0.110-0.143 0.277-0.314
3.4-4 94.8-96.6 90.6-105.5 36.1-91.4 0.043-0.105 0.194-0.272
0.15V s 2-2.2 203.1-210.5 117-123.8 48-65 0.134-0.168 0.304-0.339
3.4-4 91.7-92.8 87.6-101.9 31.5~78 0.043-0.111 0.206-0.279

booster, 2) escape occurs at the limit of the earth’s sphere
of influence, 3) the earth’s gravitational attraction can be
neglected during the probe’s heliocentric trajectory, 4) the
sun is a point mass during all phases of the probe’s trajectory
and is the only body affecting its motion, 5) all motion takes
place in the plane of the ecliptic, 6) the orbit of the earth is
circular with a radius of 1 a.u., 7) the earth’s mean daily
motion is 0.985 deg/day, and 8) solar radiation pressure
effects are negligible.

The equations of motion are written in a heliocentric-
ecliptic coordinate system using polar coordinates r and
o (see Fig. 1). The general form of the state differential
equations which are integrated numerically is x’ = f(x,u),
or, in component form

= w/r, ' =r/r @

v = —(k*w/rry) + (ra./ro) 2)

w' = (wo/ry) — (k2/ro) — (wra:/vre) 3)

o' = [ — (w/r)*]V2/rs @

where v,w = velocity components, w = v-r, k2 = GMsum,

a; = tangential acceleration magnitude, and (’) indicates
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Fig. 2 Typical solar probe trajectories with constant
tangential acceleration.

differentiation with respect to an auxiliary variable r. A
unique feature of Eqs. (1-4) is the use of ' = r/ry as a means
of obtaining a variable time step in the numerical integration
scheme. The aceceleration vector was always maintained
tangent to the path of the probe.

Initial conditions for the probe’s heliocentric trajectory,
based on the assumptions noted previously, are o = 1 a.u.,
vy = circular velocity at 1 a.u., and ro = o = tp = 0. Values
of tangential acceleration in the range 2 X 107, < a. <
7 X 1074y, are used; this range represents approximately
the limits of acceleration possible using electric engine pro-
pulsion.*

Equations (1-4) are solved using a modified predictor-
corrector method developed by Hamming.? It is necessary
to maintain a constant-integration step size when using
Hamming’s equations. By the use of ¢ = r/r, a constant
integration step size Ar is maintained while the physical time
step At varies with the value of r. By using this additional
equation and integrating with respect to r, it is possible to
obtain a higher accuracy and achieve a more stable nu-
merical integration. The computer programs for these
calculations are written in FORTRAN IV,

Constant-Acceleration Trajectories with HEV = 0
at Injection into Heliocentric Orbit

Figure 2 illustrates two of the trajectories obtained; a.
affects the number of revolutions the probe makes prior to
reaching 0.05 a.u. Figure 3 shows the total time required
for the probe to reach a point 0.05 a.u. from the sun for the
range of a, investigated. The third column of Table 1 shows
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Fig. 4 Variation of terminal configuration angle with
acceleration.

the AV of the probe due solely to the thrustor (AV = .7,
where 7T is the total time of flight, since o, remains constant).
This AV is negative since the thrustor is assumed to act in
the opposite direction to the probe’s velocity at all times.
The terminal configuration angle ¢ illustrated in Fig. 4
should be 90° for ideal communication between the probe and
earth. The acceptable range of angles is taken to be 30° <
¢ < 150°. From Fig. 4, it is evident that only three bands
of a; (in 107%g,) have terminal angles within these limits,
namely: 2.2-2.5, 3.3-4.2, and 5.7-7.0. The final measure
of the usefulness of the trajectories investigated is the pay-
load ratio available for the probe. The payload ratio for a
constant-acceleration vehicle is given by Stuhlinger. Figure
5 presents the payload ratios calculated for the various
acceleration values.

Based on the investigation of trajectories with HEV = 0
at injection into heliocentric orbit, it is concluded that there
are two ranges of a, (in 10~%g.) which would be useful for
solar probe missions to 0.05 a.u.: 3.4-4.0, and 2.2-2.5. Table
1 summarizes the data associated with each range of accelera-
tion values.
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Fig.5 Variation of payload ratio with specific power (a,)
and acceleration.
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Fig. 6 Effect of HEV > 0 on total time of flight.

Constant-Acceleration Trajectories with HEV > 0
at Injection into Heliocentric Orbit

The initial velocities of the probe considered are 0.85 V.,
0.90 V., and 0.95 V4, corresponding to tangential HEV’s of
0.15 Vo (14,655 fps), 0.10 Voo (9770 fps), and 0.05 Vo (4885
fps), respectively. In order to obtain an HEV > 0, it is
necessary to reduce the total mass of the probe injected into
heliocentric orbit by a chemical booster because of the extra
fuel required to be carried. The corresponding burnout
veloeities (based on vesape = 36,200 ft/sec at 8000 naut.
mile altitude) are 39,100, 37,550, and 36,600 fps, respectively.
The effect of an HEV > 0 on T is illustrated in Fig. 6. Again,
as in the HEV = 0 investigation, the terminal configuration
angle is the major limiting factor in determining which tra-
jectories are feasible for the solar probe mission. No signifi-
cant increase in the range of accelerations is obtained for
any of the HEV > 0 cases. The major effect on the range
of possible accelerations is a downward shift of the accelera-
tion ranges as indicated in Table 1. Figure 7 illustrates the
inerease in payload ratio obtained from HEV = 0.15 Vg
case. Curves are presented only for the useful ranges of
acceleration as determined by the terminal configuration
angle results. The HEV = 0.05 V and HEV = 0.10 V
curves lie between the two curves shown. The payload
ratios are also presented in Table 1 for each of the cases
considered. ‘
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Fig. 7 Effect of HEV > 0 on payload ratio.
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Only very narrow ranges of acceleration are feasible for
solar probe missions with HEV > 0 at launch into helio-
centric orbit. There are increases in payload ratios obtain-
able by using these trajectories as compared to the HEV = 0
cases. However, the tradeoff in total mass injected initially
into orbit about the sun for the additional burnout velocity
required may not make the HEV > 0 cases desirable for
solar probe missions.

Conclusions

Relatively simple low-thrust, constant-acceleration tra-
jectories are useful for solar probe missions for only a very
limited range of accelerations. The major limiting factor
is the terminal configuration angle ¢. All trajectories studied
met the success criteria for total time and velocity to be
gained.
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Surface Roughness Effects on
Radiant Heat Transfer

R. G. Hering* anDp T. F. Smrraf
Unaversity of Illinois at Urbana-Champaign,
‘ Urbana, I,

HE apparent thermal radiation properties of a one-

dimensionally rough surface with V-shaped roughness
elements of identical included angle were recently reported.t
In this Note the rough-surface properties are employed to
examine the influence of surface roughness on the radiant
energy transfer rate of an isolated plane surface with speci-
fied uniform temperature when the surface is fully illumi-
nated by a uniform collimated solar flux. Surface roughness
effects on equilibrium temperature were explored in a recent
study.?

The radiant heat-transfer rate per unit area from the iso-
lated rough surface ¢ with apparent emittance ez and direc-
tion-dependent, apparent solar absorptance a,*(8’) in the
solar field of solar constant S is determined by the difference
between the emission rate and the rate of absorption of
incident energy. For a surface at temperature T, the radiant
heat-transfer rate per unit black surface emissive power is

q/ocT* = ex — a,*(6")S™ cosd’ ®

where ¢ and 6’ denote the Stefan-Boltzmann constant and
the direction of incident flux relative to the normal of the
mean surface plane, respectively, and S*(= S/¢T% is a
dimensionless energy ratio characterizing the relative mag-
nitude of solar flux to surface emission rate. For a smooth
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Fig. 1 Surface roughness effects on radiant heat transfer
(S* = 0.1).

surface of identical material, the apparent properties are re-
placed with wall emittance e, and wall absorptance for solar
energy a,* both of which are taken direction independent.

The apparent properties depend on groove wall properties
(es,0*), Toughness element included angle (x), and param-
eters which characterize interreflection phenomena within
surface asperities. The latter are the wall specularity for
emission (p,/p)» and the wall specularity for solar energy
(0s*/p*)w, where p, (or p,*) and p (or p*) denote the specular
component of wall reflectance and total reflectance, respec-
tively. As (ps/p)w [Or (ps*/p*),] varies from zero to unity,
the groove walls change from diffusely reflecting to specu-
larly reflecting. Typical apparent property results are
presented in Ref. 1.

Typical dimensionless heat-transfer results for x = 45°
are presented for wall property values of 0.1 and 0.9 and the
extreme values of the specularity parameters in Figs. 1, 2,
and 3 for 8* values of 0.1, 1.0, and 10, respectively. The
smooth- and rough-surface heat fluxes are influenced in a
similar manner by wall properties, energy ratio S* and di-
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Fig. 2 Surface roughness effects on radiant heat transfer
(S* = 1.0).



